An S-type singular value inclusion set for rectangular tensors is given. Based on the set, new upper and lower bounds for the largest singular value of nonnegative rectangular tensors are obtained and proved to be sharper than some existing results. Numerical examples are given to verify the theoretical results.
Introduction
Let R(C) be the real (complex) field, p, q, m, n be positive integers, l = p + q, m, n ≥  and N = {, , . . . , n}. We call A = (a i  ···i p j  ···j q ) a real (p, q)th order m×n dimensional rectangular tensor, or simply a real rectangular tensor, denoted by A ∈ R [p,q;m,n] , if a i  ···i p j  ···j q ∈ R, ≤ i  , . . . , i p ≤ m,  ≤ j  , . . . , j q ≤ n.
When p = q = , A is simply a real m × n rectangular matrix. This justifies the word 'rectangular' . We call A nonnegative, denoted by A ∈ R then λ is called the singular value of A, and (x, y) is a pair of left and right eigenvectors of A, associated with λ, respectively. If λ ∈ R, x ∈ R m , and y ∈ R n , then we say that λ is an When m = n, such real rectangular tensors have a sound application background. For example, the elasticity tensor is a tensor with p = q =  and m = n =  or ; for details, see Our goal in this paper is to propose a singular value inclusion set for rectangular tensors and use the set to obtain new upper and lower bounds for the largest singular value of nonnegative rectangular tensors.
Main results
In this section, we begin with some notation. Let A ∈ R [p,q;n,n] . For ∀i, j ∈ N, i = j, denote 
be the associated left and right eigenvectors, that is,
Let
Then, at least one of |x s | and |x t | is nonzero, and at least one of |y g | and |y h | is nonzero. We divide the proof into four parts.
Taking modulus in the above equation and using the triangle inequality give
and it is obvious that
which implies that λ ∈Υ s,t (A). Otherwise, |x t | > . Moreover, from the tth equality in (), we can get
and
, and furthermore
which implies that λ ∈Υ g,h (A). Otherwise, |y h | > . Moreover, from the hth equality in (), we can get
Multiplying () by () and noting that
,
Similar to the proof of () and (), we have
Furthermore, we have
Similarly, we can get
Similar to the proof of () and (), we have
which implies that λ ∈Υ g,t (A) ⊆ i∈S,j∈SΥ i,j (A). And if |x t | ≥ |y g |, then |x t | = max i∈N {w i }. Similarly, we can get
which implies that λ ∈Υ t,g (A) ⊆ i∈S,j∈SΥ i,j (A). The proof is completed.
Based on Theorem , bounds for the largest singular value of nonnegative rectangular tensors are given.
, S be a nonempty proper subset of N ,S be the com-
where
Proof First, we prove that the second inequality in () holds. By Theorem  in [], we know that λ  is a singular value of A. Hence, by Theorem , λ  ∈ ϒ S (A), that is,
And if λ  ∈ i∈S,j∈S (Υ i,j (A) ∪Υ i,j (A)), similarly, we can obtain that λ  ≤Û¯S(A) and λ  ≤
U¯S(A).
Second, we prove that the first inequality in () holds. Assume that A is an irreducible nonnegative rectangular tensor, by Theorem  of [], then λ  >  with two positive left and right associated eigenvectors x = (x  , x  , . . . , x n ) T and y = (y  , y  , . . . , y n ) T . Let
We divide the proof into four parts. Case I: Suppose that w S = x s , w¯S = x t , then y s ≥ x s , y t ≥ x t . (i) If x t ≥ x s , then x s = min i∈N {w i }. From the sth equality in (), we have
i.e.,
Moreover, from the tth equality in (), we can get
Multiplying () by () and noting that
Then solving for λ  gives
(ii) If x s ≥ x t , then x t = min i∈N {w i }. Similarly, we can get
Case II: Suppose that w S = y g , w¯S = y h , then
From the gth equality in (), we have
Moreover, from the hth equality in (), we can get
Multiplying () by () and noting that y
which gives
(ii) If y g ≥ y h , then y h = min i∈N {w i }. Similarly, we can get
≥L¯S(A).
Case III: Suppose that w S = x s , w¯S = y h , then y s ≥ x s , x h ≥ y h . If y h ≥ x s , then x s = min i∈N {w i }. Similar to the proof of () and (), we have
And if x s ≥ y h , then y h = min i∈N {w i }. Similarly, we have
Case IV: Suppose that w S = y g , w¯S = x t , then x g ≥ y g , y t ≥ x t . If x t ≥ y g , then y g = min i∈N {w i }. Similar to the proof of () and (), we have
And if y g ≥ x t , then x t = min i∈N {w i }. Similarly, we have
Assume that A is a nonnegative rectangular tensor, then by Lemma  of [] and similar to the proof of Theorem  of [], we can prove that the first inequality in () holds. The conclusion follows from what we have proved.
Next, a comparison theorem for these bounds in Theorem  and Theorem  of [] is given. 
Theorem  Let
proved. Similarly, we can also prove that
,L¯S(A), respectively). Now, we divide the proof into two cases as follows. Case I: Assume that
And when
Case II: Assume that
Similar to the proof of Case I, we have
follows from what we have proved.
Numerical examples
In the following, two numerical examples are given to verify the theoretical results.
with entries defined as follows: In fact, λ  = . This example shows that the bounds in Theorem  are sharp.
Conclusions
In this paper, we give an S-type singular value inclusion set ϒ S (A) for rectangular tensors.
As an application of this set, an S-type upper bound U S (A) and an S-type lower bound L S (A) for the largest singular value λ  of a nonnegative rectangular tensor A are obtained and proved to be sharper than those in [] . Then, an interesting problem is how to pick S to make ϒ S (A) as tight as possible. But it is difficult when the dimension of the tensor A is large. We will continue to study this problem in the future.
